System under consideratioṅ
x(t) = (A 1 (t) + ∆A 1 (t))x(t) + A 2 (t)x(t − τ (t)) + d(t) +∆A 2 (t)x(t − τ (t)) + (B(t) + ∆B(t))u(t), (1) where x(t) = (x 1 (t), ..., x n (t)) T is the state, u(t) = (u 1 (t), ..., u r (t)) T is the control input, A 1 and A 2 are the known state matrices, ∆A 1 and ∆A 2 are the unknown state matrices, B is the known control matrix having full column rank, ∆B is the unknown control matrix having full column rank, d is the unpredictable external disturbances and τ is time delay.
Control objective
To determine a control law u(t) for the system (1) which forces the state error e(t) = x m (t) − x(t) between the system and the reference model
where c(t) = (c 1 (t), ..., c r (t))
T is the uniformly bounded and piecewise continuous reference input, to converge to zero. Note that no delay is involved in the reference model. In other words, the error dynamicṡ e(t) = (A m + K)e(t)
is stable, where K is called the error feedback gain.
Control action
Combining (1), (2) and (3), the control action needs to satisfy Bu(t) = −Ke(t) + A m x(t) + B m c(t) − A 1 x(t) − A 2 x(t − τ )
Define a constant ε according to the availability of τ .
and denote the unknown terms, including the uncertainties and the external disturbance as u d (t).
Then,
In other words, the unknown dynamics and the disturbances u d (t) can be observed by the system states and the control signal. However, it cannot be used in the control law directly.
Uncertainty and disturbance estimator
The UDE technique adopts an estimation of u d (t).
Assume that G f (s) is a strictly proper filter, whose passband contains the frequency contents of u d (t). Then u d (t) can be accurately approximated by
where
{·} is the inverse Laplace transform operator. This is called the uncertainty and disturbance estimator (UDE).
UDE-based control law
Hence, substituting (6) to (4) results in
The UDE-based control law is then obtained as
where B 
LTI case
When the system is not time-varying, the control law can be written in the s-domain as
It is clear that the control law is formed by the system state, the low-pass filter, the reference model and the error feedback gain. Note that only if G f is strictly proper, sG f is physically implementable and there is no need of measuring the derivative of the states.
Assuming that the frequency range of the system dynamics and the external disturbance is limited by ω f , G f (s) can be chosen as a low-pass filter
where T = 1/ω f > 0. It is interesting to see that
which means that an integral action is included in the controller.
In this case, the control law (7) in the time-varying case can be further simplified as
The control action consists of three terms. The first one cancels the known system dynamics, while the second one imposes desired dynamics by means of the reference model. The last term introduces a PI control law.
The control law (11) in the LTI case can be further simplified as
Special case: LTI-SISO systems
withA p1 = (−a 11 , −a 12 , ..., −a 1n ),
, · · · , n; j = 1, 2) are uncertain parameters, I n−1 is the (n − 1) × (n − 1) identity matrix, b = 0 and ∆b ≤ ∆b ≤ ∆b is an uncertain parameter. The output of the system is assumed to be y(t) = x 1 (t).
Control law
The reference model and the error feedback gain matrix are partitioned as
where A m1 = (−a m1 , −a m2 , ..., −a mn ) and
Interpretation of the control law
It can be further simplified as
is the characteristic polynomial of the known system dynamics and P k (s) = k n s n−1 
The UDE controller is divided into four parts: the reference model
to generate a desired trajectory; a local positive-feedback loop via the low-pass filter (behaving like a PI controller); the polynomial P m (s)+P k (s) for the tracking error and the polynomial P a (s) for the output. The last two perform the derivative effect. Since the UDE controller uses more derivative information than the common PID controller, the UDE-based control potentially obtains better performance than the common PID controller.
Stability analysis
The transfer function of the plant given by (12) is
From (15), the closed-loop transfer function of the system is derived to be
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Theorem
Assume that (i) the reference polynomial P m (s) = s n + a mn s n−1 + · · · + a m1 is chosen to be stable, (ii) the low-pass filter is chosen as
Then the closed-loop system is robustly stable if
holds on the space of uncertain parameters.
Proof
Since 1 − G f (s) ∞ < 1 and G m (s) is stable, the closed-loop system is robustly stable if
according to the well-known small-gain theorem. The H ∞ norm of a stable SISO transfer function is always obtained over the imaginary axis and hence the Theorem is proved. Since the uncertain parameters and delay terms only appear in the numerator of condition (18), the verification of the condition is not difficult, although it might involve intensive computation.
Example 1: a first-order system
Consider the following first-order system,
where a 1 = 1, a 2 = 1 and b = 1 are known parameters; ∆a 1 = 0.8sin(t), ∆a 2 = 0.5sin(2t − 1 4 π) and ∆b = k 0.5 [1(t − 2k) − 1(t − 1 − 2k)] are the uncertain time varying parameters (1(t) is the the step signal). d(t) is a negative unit-step disturbance, acting at t = 3.5sec and τ = 1sec.
The reference model is chosen asẋ m (t) = −x m (t) + c(t) and the error feedback gain is taken as k = 0. The time constant of the low-pass filter is chosen as T = 0.001sec. Although there are time-varying uncertainties in the system, the time delay, gain and known state and control matrices are constant, the control law can still be derived following the proposed procedure in the s-domain without causing confusion. According to (11), the control law is
In the simulations, c(t) is chosen to be the step signal 1(t).
Nominal response
The uncertain time varying parameters and the disturbance are zero. The system state x tracks the desired state x m very well in both scenarios. In the case of known τ the tracking error is practically zero at all times, while in the unknown time delay case there is a tracking error change at t = 1. 
Robust response
When the uncertain parameters are nonzero, the controller can well estimate the uncertainty and the performance does not degrade significantly. It can also be seen from the control signal u (there is a jump in u when the disturbance starts at t = 3.5sec) that the controller estimates the disturbance very quickly. 
Effect of T
The bandwidth (time constant) of the low-pass filter has an obvious influence on the system performance. The smaller the time constant (the broader the bandwidth), the better the tracking (i.e., the better the performance). However, in practice, the time constant might be limited by the computational capability and the measurement noise. The reference model is chosen according to (2) as
, B m = 0 4 and the error feedback gain is chosen as K = 0. The low-pass filter time constant is taken as T = 0.01sec. According to (7), the control law is
The control law is given in the time domain because the time delay is time-varying. In the simulations, the reference input is chosen to be c(t) = 1(t)−1(t−7.5).
A 
Summary
A UDE-based control strategy has been proposed for uncertain linear systems with a state delay to achieve very good performance.
The controller consists of three parts: The first part cancels the known system dynamics, while the second part imposes desired dynamics by means of the reference model. The last part introduces a PI control law. The stability analysis of the system has been carried out for the LTI SISO case. A sufficient condition, of which the verification is not difficult, has been proposed.
